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Abstract

Nonlinear Optics (NLO) is a phenomenon where the medium’s optical response is not proportional
to the applied optical field. It has been observed just after the laser was introduced by T. Maiman. The
early attempt to give theoretical ground to NLO was made by introducing perturbations in harmonic
oscillator model. This nonlinear harmonic oscillator model have yielded good results in predicting

material’s nonlinear response for variety of materials with different crystallographic configurations.

Recently, however, it was found experimentally that for metamaterials with changing geometry,
nonlinear oscillator model cannot predict optimal geometry for Second Harmonic Generation (SHG). On
the other hand, it was shown that nonlinear scattering theory is consistent with their experiment results.
Within this theory, not only amplitude of generated nonlinear SH signal contributes to measurement, but
also relative phase between different points on the structure. As a result, the strongest surface second
harmonic (SH) response does not necessarily give the strongest nonlinear signal in the detector placed in

Far Field.

The goal of this work was to observe SHG signal from the nanostructures surface, e.g. in the nearfield
regime by utilizing Scanning Near Field Optical Microscopy (SNOM) with Ultra-Fast Femto Second laser.
Observing strong SH signal on the near field of a nanobar would provide a proof of the nonlinear scattering
theory since according to this theory such nanostructure exhibits strong near-field SH that cancels out in
the Far-Field due to the phase relationship. Such a near-field observation will firmly ground a theory that
has been so far confirmed by Far-Field measurements and will open the way to the design of meta-

materials with desired nonlinear properties.
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1. Theoretical background

1.1 Nonlinear Optics Introduction

Nonlinear optics is a branch of optics, where the medium optical response goes beyond the linear
proportionality to the applied EM field. Typically, this occurs when the input laser is strong enough to
change material’s optical property. The first observed nonlinear effect was second-harmonic generation
(SHG) discovered by P. Franken just a year after the first laser was introduced by T. Maiman. In this

chapter, | follow the discussion described in chapter 1-2 in Ref. [1].

In conventional optics the medium response known as polarization P(t)to the EM field E(t)is

described by the induced polarization as follows:

P(t) = e xVE(t) (1.1)

Where yis the linear susceptibility and €, is vacuum permittivity. In the nonlinear regime, the

polarization is expanded to further orders in E (t) as follow:

P(t) = o[ xVE@) + xPE*(t) + xPE3 () + -]

(1.2)
= PDO) + PA() + PO(t) + -

EquivaIentIy,)((”) is called n — order susceptibility and in general it’s a n+1 rank tensor. The scope

of interest of this work is the second order nonlinear term P@® (t) = ¥ E2(t), which is referred in

literature as second order polarization and dictates three wave mixing nonlinear processes.

To derive rigorously nonlinear theory, one should solve Maxwell equations in medium. In vacuum
where free charges are absent, Maxwell equations are reduced to the wave equation. Though in a medium
this is no longer the case, the term V - E can still be neglected. In fact, it is identically zero assuming
transverse plane wave, or small enough under slow varying envelope approximation (See Chap. 2 in Ref.
[1]). Hence, wave equation remains valid in medium as well, only with an added material polarization term

P = P(t):



g LO’E_ 1 0°P 13)
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Now let’s treat P = P 4+ PNL and D = ¢gE + P = D + PV Assuming lossless, dispersion-
less and isotropic material, we can write electric displacement field D = eoe(l)E, where €@ s
frequency-independent dielectric tensor. In our case it’s real scalar, but in general it does not necessarily
have to be. Inserting the latter into equation (1.3) we get:
eWa2E 1 92PN

VE—-—— = (1.4)
c? d0t?  gyc? Ot

Next, it's useful to perform frequency decomposition and solve for each component separately:

E(rt) = z E, (r)e—iont
" (1.5)
PN, D) = ) PRLIetont

n

We can also lift up the frequency-independence condition of dielectric constant, so the general form

would be D;l)(r) = e (w,)  E,,(r). Inserting this with (1.5) into (1.3) we obtain nonlinear wave

equation in frequency domain:

2

A w
VEn(r) + 5 €V (wn) - En(r) = = =5 PRt(n) (16)

In order to solve the latter equation physical assumptions regarding to PNL should be made. First, we
expect the nonlinear term to be small, thus the solution to E,, will remain in form of plane wave (as in
case of the homogeneous equation) except that the amplitude becomes a slow varying function of
propagation coordinate z. Next, the reality of the fields and symmetry conditions considerably reduce the
terms number in PN’ (1.6), since, nonlinear susceptibility is a tensor in general case (See Chap 1.5.3 in
Ref. [1]). Next, as we will see in 1.2.2 when applying the Lorentz atom model to describe nonlinearity only

the noncentrosymmetric media gives rise to the second term.



It's worth to give description of nonlinear phenomena on microscopic level, illustrated on Figure 1.

Assume input field of two distinct frequencies w; and w, that excite nonlinear oscillating dipoles of
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Figure 1 — Each of N atom in the material develops a double
frequency oscillating dipole as a result of the nonlinear response
to the applied field. If these dipoles oscillate in phase the
radiated fields will be added constructively and the resulted SHG
signal would be N times larger than a signal from a single atom.

frequency w4 + w, in the sample. If these dipoles are in phase throughout the sample, they will be added
constructively, producing sum frequency generated signal (SFG). Thus, in SFG process, phase matching
rather than magnitude of second order susceptibility is determining factor in generating substantial
nonlinear signal. For the field with wave vector k; resulting by product of mixing of the two input fields
with wave vectors k4, k,, the phase mismatch parameter is defined by: A = k; + k, — k3 (See Figure 2).
The resulting intensity of nonlinear field is proportional to: I; « sinc?(AkL/ 2). Several phase matching
techniques such as compensating by birefringent materials and Quasi Phase Matching (QPM) have been
developed to reduce Ak. These techniques are out of the scope of the present work and can be found in
Chap. 2 in Ref. [1].

A simple but trustworthy approach for )((2) order estimation is to recognize that when the applied
field strength is of the order of an inner atomic field, the linear and the first nonlinear polarization
correction term in equation (1.2) will be of the same magnitude. Hence,)((z) = % where E,(t) =

————and ag is Bohr radius. Taking Y ~ 1 which indeed a case and aoto be Hydrogen atom radius
0 0

we finally get y@ = 1.94 x 10712,



1.2 Second Harmonic Generation

1.2.1  Energy consideration

In second harmonic generation (SHG) process two photons are absorbed by medium and one photon
with a double frequency is emitted in parametric process. This process is depicted on Figure 2. Although,
the solid line represents atomic ground sate, the dotted line levels are not energy eigenstates. They are
referred as “virtual” levels, and are simply manifestation of energy conservation. It is noteworthy that the
process as in Figure 2 is lossless. Electrons cannot populate an excited level or at most populate for brief
interval of order of A/ 6E according to quantum-mechanical uncertainty principle, where §F is the
energy difference between the ground and virtual states. This is due to excitation wavelength and thus
virtual level is significantly detuned from the real atomic levels and no population transfer occurs,
contrarily when virtual level coincides (or is close enough) with atomic level the electrons will be relocated
to upper level, following by absorption of incident light. The process where initial and final energy states

are identical earned the name “parametric process”, while its counterpart is called nonparametric

process.
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Figure 2 — a) SHG energy diagram: two photons are destroyed and one
double energy photon is simultaneously created in lossless process.
The dotted lines are not atom eigenstates but simply point on energy
conservation b) Momentum mismatch diagram in 3 wave mixing
process. On macroscopic scale even small momentum mismatch can
dramatically reduce SHG effectiveness.

1.2.2  Second order susceptibility of classical anharmonic oscillator
In this section we will define second order susceptibility )((2) through the Lorentz atom model. In

Lorentz model, an atom is threatened as harmonic oscillator. Despite being so simple, it gives good results



for linear susceptibilities of crystals, atomic vapors and nonmetallic solids. The shortcoming of harmonic
oscillator model is that the atom has only one resonant frequency, which of course is not the case. The
proper treatment of the problem is to take into account atom’s energy eigenstates in scope of quantum
mechanics. Nevertheless, since we restricted ourselves to sources operating in visible spectrum
frequencies, which are much lower than the atomic resonance frequency the classical approach remains

valid.

Assume the input field (1, t) = Ee ™'t + c.c.. Applying this to nonlinear polarization given by (1.2)

we get:

P (1) = 260y PEE* + (egxPE2e2i%t 4 ¢.c.) (1.7)

First term is time independent and called Optical Rectification, while the second term gives the field
oscillating with frequency 2w. We neglect the constant field amplification and focus only on the oscillating

term.
Now, let’s add a nonlinear term to electron’s equation of motion in atom under external field E (t).

¥+ 2yx + wix + ax? = —eE(t)/m (1.8)

Where wq is an atom resonant frequency, y is a damping coefficient and a is a strength of

nonlinearity. The restoring force acting on electron according to (1.8) is:

_ 2 2
Frestore = —Mwgx — max (2.9)

This restoring force comes from the potential

1 1
U(x) = Emngz + §max3 (1.10)

The first term is a familiar harmonic potential and the second term is an anharmonic deviation term.
Written in this form, the potential is suitable only for noncentrosymmetric media because of the odd

powered distortion term. For centrosymmetric media, e.g. the potential build solely of even powers, thus
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the first correction term will be of fourth order. The real potential compared to perfect harmonic potential

is shown on Figure 3.

Ulx)
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Figure 3 — Symmetric parabolic potential as function of electron
displacement from equilibrium position and an actual
noncentrosymmetric media potential containing small cubic term.
Note that close to the equilibrium the deviation of actual potential
from the parabola is small and can be treated as perturbation. The
image is taken from Ref. [1].

3 can be done by

The solution of Eq. (1.8) for plane wave field and with small nonlinear term ax
perturbation theory familiar from quantum mechanics. A solution in form of x = Q@D 4 2@ 4

Bx® 4 s plugged into Eq. (1.8) and each Aix@ satisfy the equation separately. The lowest order is a

simply unperturbed harmonic equation with solution in form x((¢) = x (w)e~ @t + x(D (w)e i@t
E
W(p)= L5 1.11
x(w) mD(w) ( )

WhereD (w) = w3 — w? — 2iwy. With the help of latter, the first order correction term x® (t) =

x@) (2w)e 2t with amplitude x@ (2w) given by:

—a(e/m)?E?

x®(2w) = D(2w)D?(w)

(1.12)

To derive susceptibility, two definitions of polarization are needed to be compared. In linear case

these are PV = oy D (w)E(w) and PD = —Nex (w). Hence, the linear susceptibility is

N(e?/m)

1) =
X €oD(w)

(1.13)

11



In the same manner for P® (2w) = €,x® (2w)E2(w) second order susceptibility is:

N(e3/m?)a
@) (2 = 1.14
X7 2w) €oD(2w)D?*(w) (1.14)
Applying (1.11) we can write (1.14) in different way
aeym 2
1P Qw) = 1551V o) (XD (@) (1.15)

1.2.3  Miller’s rule

aegm
NZ2e3

Examining the (1.15), one notice that the quantity is roughly the same for all

noncentrosymmetric crystals. Thus, the second ordered susceptibility, as well as P(z)(t) can be measured

from the related first ordered quantities. This is called Miller’s rule [2]. The coefficient of proportion § =

aegm
NZ2e3

is known as Miller’s delta and can be calculated, by assuming nonlinear and linear contribution the

same when the electron distortion is on scale of an atom (as we did in Nonlinear Optics Introduction for
)((2) estimation): utilizing atomic frequency wy =1 X 1071® rad/s with other physical constants

yield y®@ = 1072m/V.

Experimentally, Miller’s rule found to be applicable for variety of materials even though the linear

and nonlinear susceptibilities are spanned over four orders magnitude [3].

1.3 Nonlinear scattering theory approach for SHG

1.3.1 Metamaterials
The EM field-matter interaction, governed by Maxwell’s equations, can be equally described on
macro or microscopic level. On macroscopic level, material response is averaged over many atoms and
routinely expressed via permittivity € and permeability . The averaging is justified since the interatomic
distance is much smaller than the electromagnetic field variation. For example, the field propagation in
dielectric medium is described by refractive index n = +/ep, so the effective speed of light is divided by n.

The same effect can be also explained from an atomic perspective, namely by vector sum of the secondary

12



fields radiated as a response to the incident field, and propagating with the speed c. Obviously, changing
materials microscopic properties will change the optical macroscopic behavior. This simple idea lays
behind metamaterials, a novel class of structures, specially designed to possess some “exotic” optical
properties. It's achieved by designing structures on subwavelength scale. The unit structure is several
orders greater than atom’s scale, but far less than the wavelength of interest, thus it’s uniform from the
EM field perspective (hence it is considered matter, not device). The word “exotic” usually refers to optical

properties that are not observed in nature, though are not forbidden by Maxwell equations.

Materials can be classified by their € and u values as depicted on Figure 4. The vast amount of
naturally found materials lie in a first two quadrants, whereas metamaterials are thoroughly designed to
fall in to the lower quadrants. A striking example of these properties is negative index material (NIM).
Consider the situation depicted in Figure 4, according to Snell law the incident and refracted angles are
equal and opposite in direction, so refracted k vector propagates in opposite direction than the Poynting
vector (note that no reflection occurs, since Fresnel reflection coefficient is zero). It can be proved that
for both negative permittivity and permeability the refractive index is also have to be negative in order to
observe causality [4]. In fact, E,, H, and k,. form left handed triplet, that's why NIM are often called “left

handed” materials.

1
a) TR ¥ b) I
|
1
1
u>0e<0 u>0e>0 !
|
1
metals, plasma dielectrics S |
L i n; >0
__________ e o = —— '
p=1 |
: 1
1
u<0e<oO u<0e>0 !
s i n.<0
no natural materials, some ferrites, :
1
negative index nanostructured i
1
materials magnetic materials |
1
1
1
1

Figure 4 - a) Material parameter space characterized by electric permittivity € and magnetic permeability u. In optical
wavelength most materials lie within thin line ¢ = 1 b) Refraction at the interface between a positive and negative
index material. The k and S vector are in abnormal opposite direction in the medium with negative refraction index.
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While metamaterials linear response has been studied for a while with decent success, elaborated
theory of nonlinear behavior is far from being complete. In the next chapter, we will focus on SRRs second

harmonic generation.

1.3.2 Metamaterials SHG experiment
In a recent research work [5], O’Brien K. and Suchowski H. et. al questioned whether for
metamaterials as well the Miller’s rule remains valid in predicting second harmonic response from the
linear one. To address this problem, they examined a 2D array with gradually changing asymmetry ratio
from perfectly symmetric to high asymmetric split-ring resonator (SRR). The Asymmetry (AS) Ratio was
defined as leg length over the total length of SRR and a total AS span of 0-0.3 was studied. Within the
array, AS is gradually changing over X axis, while total length over Y axis. The 2D array is schematically

illustrated on Figure 5.

Less

M, A
N2 |
L — 1
Less

»

Antisymmetry ratio = Ly, /Lesr

Figure 5 — Schematic of the examined SRRs array with varying
asymmetry ratio and total length. The AS ratio is defined as leg
length divided by the total nanostructure length and it is steadily
increasing from left to right, e.g. in X axis direction, while total
length is increasing in Y direction.

In order to examine exclusively intrinsic variations in nonlinearity, the total length L.rs remains
unchanged within varying AS ratio, to avoid volume dependent changes. For the same purpose, the

spacing between two adjacent SRRs was chosen big enough to prevent particle-particle interaction.

The array was excited by pump laser and the second harmonic signal is collected by confocal

microscope in transmission mode. The Miller’s rule predicted SHG response was calculated by observing

2
transmitted field, since y® o« ¢ (2w) - (0(1) (a))) , Where o is scattering cross section. The result is

presented on the Figure 6 below:
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While the measured optimal AS ratio for highest second harmonic signal was measured to be (~0.19),
Miller’s rule predicted smaller (~0.12). To resolve the discrepancy, the researchers suggested nonlinear

scattering theory (NLS) approach which accurately predicted the right optimal AS ratio (See Figure 6).

14° Measured .o Miller's rule
¢ second harmonic © prediction
1.2 — Nonlinear scattering theory prediction

Second harmonic
emission intensity (a.u.)
o
)

010 015 020 0.25 030

Asymmetry ratio
Figure 6- Experimental measurements of the SH emission for
different asymmetry ratio geometries together with Miler’s rule
prediction calculated from transmission profile and nonlinear
scattering theory numerical simulation. Miller’s rule yields
different result than the experiment, whereas NLS theory
correctly matches the optimal geometry. The error bars indicate
the standard deviation of the measured intensity. The image is
taken from Ref. [5].

0.0 0.05

1.3.3  Nonlinear Scattering Theory

The nonlinear scattering theory (detailed in Ref. [6] and Supplementary Information in Ref. [5])
cornerstones are Lorentz reciprocity theorem and assumption that nonlinear properties can be described

by surface susceptibility tensor.

According to Lorentz reciprocity, if there are two localized current sources j;, j, which emit fields

Eiand E, respectively, then their relationship is as follows

[j(r, @) E;(r', 0)dV' = [ j;(r,0) - E,(r, w)dV (1.16)
Source j; is chosen to be ensemble of nonlinear dipoles on the surface of the nanostructure (See

Figure 7)

j1(r, 2w) = 3, PNV (1, 20) = 2iwPWD (r, 2w) (1.17)

15



Py 'R

N e N

Detector Detector
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Figure 7 — The problem of finding the field radiated by ensemble of nonlinear dipoles on the structure surface is reduced to
calculating overlap between the dipoles ensemble and the field radiated by test dipole placed on the detector.

We are interested in calculating the emitted field E; on the detector, therefore let’s define j, to be

current dipole of amplitude J, placed on the detector at r,

J2(r,2w) = Jo6(r — ry)e 20 (1.18)

Substitution of (1.18) with (1.17) into (1.16) yields to

—i2wt

JoAl

Ei(ry2w) -] = 2iwPWND . E,dV (1.19)

Where Al is current dipole length. Equation (1.19) gives a field of frequency 2w on the detector at
1,. However, when using a numerical solver, it is often not convenient to calculate emitted field far away
from the dipole. Instead, plane wave source approximation is used. As a result, the dipole’s strength J,
needs to be recalculated. It can be done by virtue of Green functions method (See Supplementary
Information in Ref. [5]). For our purpose, i.e. finding agreement to the experimental results shown on

Figure 6, the constant has little importance and a proportional relation can be used instead of equality.

Worth mentioning, that applying (1.19) to macroscopic 1D nonlinear crystal, the solution of both

phase matching and absorption is in agreement with the direct solution of nonlinear wave equation [5].

The final step before the SH field from nanostructure can be calculated is to deduce PN2). Assuming
the material is centrosymmetric, nonlinear contribution can arise only from structure’s interface. We
define a coordinate system with unit vectors 7 and £;, , to be normal and parallel to metal surface

respectively. If the pump field is

16



E(w) = E i+ E. & + E T, (1.20)

The nonlinear polarization is defined by nonlinear surface susceptibility 3™ rank tensor, with

experimentally obtained components that are normal () and parallel (£) to the metal-air interface.

P(NL) = Xr(m)n EnEnn + Xr(lt)tEt1Et1n + Xr(ltztEtzEtzn + th%EtlEntl + XiEtT)IEtZEntZ (1.21)

This nonlinear polarization is timed by second harmonic field emitted by the source at detector

E'Qw)=E,A+E & +Ei (1.22)

Substitution (1.20), (1.22) and (1.21) to equation (1.19), with the fact that the overlap integral is

reduced to surface integral over nanostructure, yields to

Xnnn ttn ttn

E, « [ P-E'ds f O ELEnEn + X EnE, By + X ENEL By, + X EL Ey En + XV EL By, EndS  (1.23)

Exploiting (1.23) for calculating nonlinear signal for nanostructures depicted on Figure 8 both
resonant and non-resonant conditions, K. O’Brien and H. Suchowski found that the major contribution

come from y,,,n component of susceptibility tensor

0.1 0.2 0.3

ratio
Figure 8 - SHG intensity as function of AS ratio for normal and tangential surface

components of the local susceptibility tensor. The normal contribution is dominant,
thus the two other donations can be neglected in the surface overlap integration.

Thus the final expression for overlap integral in (1.19) reduces simply to

17



En(20) f f 22 F2(w) - E,Qw)dS (1.24)

1.3.4  Microscopic dipoles overlap integral
Equation (1.24) states that in order to calculate second harmonic field one needs to sum
contributions of nonlinear dipoles times the second harmonic field over the surface of nanostructure.
These quantities are complex and have amplitude and phase. Therefore, to understand the experimental

results on Figure 6 both amplitude and phase shall be assessed.

The amplitude of nonlinear dipole or polarization is determined by absorption cross section of the
nanostructure. Thus, for the same effective length, the longest symmetric bar will produce higher
amplitude dipole. On the other hand, larger asymmetry donates to better interference between nonlinear
modes. Clearly, the optimum overlap is a compromise between structure length and asymmetry ratio for
given effective length. The latter concept is illustrated on following Figure 9 from Ref. [5]. The blue bar
has the greatest amplitude but its overlap is highly destructive. On the other hand, despite the green
structure's modes are perfectly in phase due to the highest asymmetry, the amplitude of each mode is
not that high, so isn't the net emission. Alternatively, the intermediate structure strikes a balance between
amplitude and nonlinear microscopic sources interference that yields to the optimal second harmonic

signal.

18
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Figure 9 - P - E plotted on complex plane along the path around the
nanostructure for various dimension of the nonlinear structures. As can be
seen, for straight nanobar, local sources cancel each other. Alternatively,
while the most asymmetric green structure has a best sources interference,
the overall signal is not the highest, due to the lower sources amplitude. The
optimal signal is generated by intermediate asymmetry yellow structure,
compromising amplitude and dipole phases. Image is taken from Ref. [5].

To summarize, nonlinear scattering theory correctly predicts optimal asymmetry ratio for second

harmonic signal and gives physically intuitive explanation of net nonlinear emission.
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2. SNOM microscopy

2.1 Resolution limit in optical microscopy

As was previously mentioned in 1.3.4, the straight bars have a local nonlinear response. Nevertheless,
in accordance to nonlinear scattering theory, its overall contribution is annihilated by destructive
interference of local SH sources. Thus according to this theory, one is supposed to observe strong SH
optical signal just over the surface of the bar, compared to zero or close to it in the farfield. The so called
nearfield imaging is derived from Super-resolution imaging, which is of considerable importance in vast

areas of science and industry.

According to Rayleigh criterion for the diffraction limit, two images are just resolvable when the
maximum of diffraction pattern of one object is directly over the minimum of the diffraction pattern of
the other, see Figure 10. For objective with circular aperture the resolvable distance between two
separated points is

2
Min = 1223~ (2.1)

Resolved Rayleigh criterion Unresolved

| H
Axmin

Figure 10— Rayleigh resolution criterion states that the minimum separation
of two resolvable point sources is when the first diffraction minimum of the
Airy disk of one image coincides with the maximum of the second point.

Where numerical aperture is defined by NA = nsin(26,,4,), with n is a refractive index and 26,4,
—the maximum collection angle of the optical system. Modern microscopes have NA within range 0.95 —
1.4, achieving spatial resolution Ax,;,, = A/2, which is 200-400 nm for visible light. A demand for

nanoscale imaging lead to development of variety of microscopic techniques. In the following chapter,

20



briefly explained scanning nearfield optical microscopy (SNOM), which allows investigate dielectric

properties of the sample.

2.2  Working principle of SNOM

2.2.1 AFM microscopy

SNOM (also referred as NSOM - nearfield scanning optical microscopy) is built atop atomic force
microscopy (AFM). AFM uses a sharp tip to scan a topography of a sample surface. The schematic
illustration of an apparatus is depicted on Figure 11. The sharp tip is moved across the sample at very
small distance. There are both attractive and repulsing forces acting on the tip as a function of distance
from the sample’s surface. The main attraction force comes from Van der Waals forces, furthermore,
potential difference can lead to Coulomb attraction. The repulsive forces mostly are governed by ionic
and Pauli repulsion. When tip gets closer to the sample the repulsive forces dominate, bending the
cantilever to the opposite direction. Similarly, if the distance from the sample attractive forces overtake,
the cantilever bends downwards. The cantilever bending is sensed by reflected laser from the cantilever’s

backside and analyzed by position sensitive four segment photodiode.

K I

Position-sensitive
Cantilever

Photodetector

Piezo Stage

Figure 11 - Work scheme of AFM microscope
operational mode. Image taken from Univ. of
Santa Barbara.

There are two operational modes in AFM. In the contact mode, the position of deflected laser is kept
constant, while the feedback system varies tip-sample distance through elevating or lowering Piezo stage.
The output of the feedback is translated to the topographical map of the sample. Differently, in the

tapping mode the cantilever with the mounted tip is oscillating in tip’s resonant frequency (typically within
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10-300 kHz range). The interaction forces, described previously, are responsible for the amplitude
damping. By demodulation the signal of the position-sensitive photodiode, the oscillation amplitude can
be monitored with high precision. A feedback system keeps the amplitude constant by varying tip-surface
distance, in similar matter as in contact mode. The tapping mode is particular useful for SNOM as will be

discussed later.

AFM reaches vertical resolution ~1 angstrom and the lateral resolution ~ 10 nm which is in scale of
tip’s apex. This high resolution with lack of requirement on vacuum chamber and no constraint on sample
preparation compare to SEM earned AFM esteem in research community and its inventors Binning G. and

Rohrer H. won Nobel Prize in 1986 just few years after its introduction.

2.2.2  Tip lllumination

Since the development of AFM, various techniques were introduced to extend AFM beyond simple
height measurement. An example of these kinds of efforts is aperture SNOM, which utilizes tapered
optical fibers as probing tips, aimed to achieve nano-optical imaging. The sample is illuminated through
the tip’s aperture providing a nanoscale resolution, simultaneously with the AFM mapping. The downside
of this technique is low light transmission through the aperture just several tens of nanometers in width
making it barely impractical, particularly for infrared part of the EM spectrum. To overcome this constraint
an apertureless SNOM was introduced. In apertureless SNOM metal or metal-coated AFM tips are
illuminated with focused laser beam. A metal like tip acts like antenna concentrating charges at the tip
apex. The “lightning rod” effect known from electrostatics together with Surface Plasmon Polariton (SPP)
gives rise to an enhanced local field, confined to apex tip with is much less than wavelength [7]. When the
illuminated tip gets close enough to the surface, the nanoscale enhanced field interacts with the sample.
This nearfield interaction modifies the scattered field from the sample. The scattered light is collected
with the same parabolic mirror that focus the beam on the tip and then measured with a detector (Figure

12 (a)). On the Figure 12 (b) depicted the numerical simulation of field at the tip illuminated by plane wave
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with linear polarization perpendicular to the tip’s surface. The local field enhancement is clearly seen to

be confined to the size of the tip and falling exponentially with the distance.

a) b)

Cantilever

field enhancement

0 2 =118 ym
Figure 12 - a) A sharp AFM tip iluminated by focused laser beam scatters interaction field b)

Numerical simulation of a metal cone, illuminated by farfield light with A=118um (taken
from Ref. [14]).

The tip-surface interaction through strong evanescent field can be calculated from applied radiation

by complex scattering coefficient 4., Which relates applied E;;, and scattered E.,; fields.

Escat = OscatEin (2.2)

Due to the strong localization of interaction field, the g4, and thus recorded backscattered light
carry information about local sample properties in a scale of size of the tip. Hence SNOM microscopy

deliver nanoscale resolution on order of = 10nm [8].

In addition to nanoscale resolution there is another benefit in extracting a nearfield. In the wave front
U(x,y,z)propagating in the space (Figure 13) not all discrete spatial frequencies will reach point d in the

farfield.

U(x,y,z)

b)
8(x.y)
f h g

Figure 13 — a) Propagation of the light wavefront U(x,y,z) a distance d between two planes fand g
in free space b) This propagation can be expressed by transfer function h with associated Fourier
transform H. Image is taken from Ref. [13].

Inspecting the transfer function given by
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H(vy,vy) = exp (—jan //1‘2 —vi -V} ) (2.3)

We see that for frequencies higher than v,,,, = |17?| the propagating field falls exponentially and
is not observable in farfield. These high frequencies contain data about the sample, hence collecting
evanescent field for imaging benefits of extra sample information that is not available in standard imaging

practice.

2.2.3  Background noise suppression
Considering the laser source in near IR spectrum (A ~ 1um) the spot size even for the diffraction
limited case would be on order of half of micron. Clearly, in that case only the tiny part of backscattered
light contains tip-sample nearfield interaction, while the majority is undesirable scattering from the
sample background, cantilever and shaft. The detector measures intensity 1;.¢, as a result, for field E;., =

Ens + Epg the signal output will be mixed by unavoidable background contribution

lger X Iscq & |Enf + Ebg|2 = (Enf + Ebg)(Enf + Ebg)* (2.4)

As mentioned in 2.2.1 SNOM is built on AFM operating in tapping mode, with the tip is oscillating
vertically with frequency Q. Owing to the tip oscillation, the scattered field is demodulated by Q and E.,

now can be written as

Escq = Eng + Epg + Z Epnfncos(nQt) + z Epgncos(nQt) (2.5)

n=0 n=0

Where Enfn = OnrnEin = snf,nei‘l’nf'nEin and Epgn = OpgnEin = sbg,nei‘PbH'nEin are the
nearfield and background scattering fields Fourier components of the n* order. The AFM taping
amplitude is set to be far below the applied beam focus radius. Due to the taping mode the gap between
tip and sample varies sinusoidal. The evanescent interaction field is sharply nonlinear with tip-surface
distance. Contrarily background scattering either not sensitive to modulation at all or has at most linear

dependence. Therefore, by demodulating the detected signal to higher harmonics nf2 (usually n = 2)
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nearfield scattering coefficients o, , are sufficiently filtered from negligible o,4 , [9]. Having said that,
the resolved signal would still comprise background contribution of Ej o as a result of mixing of harmonic

coefficients. For order n>2 the measured intensity is

Iscq & |Esca|2 = Ebg,OEr*lf,n + EZg,OEnf,n (2.6)

This is known as multiplicative background. An approach called Pseudo heterodyne detection allowing

to measure completely background free nearfield signal can be found in Ref. [10].

It was mentioned that for background filtering the taping amplitude is chosen to be far below the
wavelength. However, the amplitude by no means can be automatically raised with shifting incoming
beam spectrum deeper ininfrared region. Otherwise, in the upright position the scattering would be solely

from the tip with no sample interaction portion. The typical values for tapping amplitude is ~30-100 nm.

2.3 Theory of SNOM

A theoretical treatment to associate the measurable quantity gs.,: (see formula 2.2) to samples
physical property based on scattering theory from a realistic elongated metallic tip can be very tedious.
In this chapter presented the approach of much more simplified geometry, with the tip is modeled by
dipole sphere placed on the tip apex and the sample is modeled by simple plane. This dipole model can
be found in Ref. [8] and [11], additionally, see [8] for the extension of current simple dipole to more

accurate finite dipole model. The dipole model is presented on Figure 14. The tip is modeled by a sphere

it Ein
P=PotP;
R| z i 2 z
lH | X
p!=Bp

.~ .
S

Figure 14 - SNOM dipole model. The incident field E;,, induces
dipole p on metallic AFM tip that is modeled by a sphere of
radius R placed in a distance H from the sample with dielectric
function €,. The nearfield tip-sample interaction is described
by mirror dipole p’ on the sample. Image from Ref. [8].
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of radius R placed on the tip’s apex in a distance H from the sample — a semi-infinite plane characterized

by dielectric function €.

Tip polarization by incident electric field can be modeled by dipole sitting in the sphere center. Due
to the p-polarization of incoming field and the tip elongation, the polarized dipole pyis assumed to be

oriented along the tip axis, e.g. in z direction. The dipole can be related to incoming field by polarizability

po = aEip (2.7)

Within a scope of electrostatic approximation (see Ref. [12]) the polarizability (in air) can be

calculated by

€ —

a = 4nR3 2.8
€ +2 (28)

This dipole polarizes the sample, inducing a mirror dipole
p' = Bpo (2.9)

Where 8 = (e, — 1)/(€s + 1) called surface response function. The mirror dipole acts back on the
tip, increasing its polarization. The stronger tip dipole strength the mirror dipole which polarizes further

tip dipole and so forth. Thus the total mirror dipole can be written as

p' = B®o+ i) (2.10)

Where p; is an interaction induced part of mirror dipole p’. We can introduce a dimensionless tip-

sample interaction distance function f to rewrite p; = fp’ and together with (2.10) result in

pi = fB(o + pi) (2.11)

Defining g = f the total dipole p = py + p; is
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(2.12)

The electric field induced by mirror dipole on tip and separated from the mirror dipole by distance

D = 2(R + H) (see Figure 14) is given by

E= 2:D3 (2.13)

The field is responsible for the induced dipole moment p; = aE on tip. Substituting this dipole

moment together with definition of f function into (2.13) leads to

pi a
f=p—i=ﬁ (2.14)

. . _ _ Ba . . .
Finally, we apply distance Dand g = Sf = Ton(RE)? to get expression for the total dipole polarized
on the tip
Peim T ap (2.15)
16m(R + H)3

It's suggested to define effective polarizability from the last expression

a
7 (2.16)
16n(R + H)3

Where 8 = B(&;). Recalling that the nearfield scattering coefficient gg.q¢ defined as ratio of
scattered light from the tip to incidentillumination (05.qt = Escat/Ein) is proportional to tip dipole model
p, we immediately deduce that a,rr X oy = snfeid’nf. Bearing in mind that the tip oscillates with
frequency Q the effective polarizability time course becomes a,rr = aeff(h(t)), with h(t) = A(1 +
cos(Qt)). Utilizing the Fourier theorem, we straightforward deduce that spectral components obey the

proportionality as well
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Snf,n X |aeff,n| (2 17)

(;bnf,n = arg(aeff,n)

3. Study of nearfield nonlinear optical fields

In this section, | will elaborate on the numerical and experimental efforts toward a study of nonlinear
optical generation in the near-field optical regime. | will start by developing the numerical framework of
nonlinear scattering theory, which was used to study the nonlinear response various metamaterials

geometries.

3.1 Numerical Simulation

3.1.1 Simulation environment

The purpose of numerical simulation part was to reproduce the simulation result of the work [5].
While their work was implemented with COMSOL Multiphysics® finite element solver, we carried our work
in finite-element Lumerical FDTD solver. The SRR geometry was constructed out of the rectangular blocks.
The total 500x500x2500 nm domain was simulated. The plane wave was injected at normal incidence and
the scattered field was recorded separately in proximity of the structure and close to domain wall
extracting the near and farfield respectively. The perfect matched layer (PML) boundary conditions (BC)
were set in the transverse plane (Z-direction) and periodic BC were set in in the XY plane. The simulated
gold nanostructures length spanned from 240 to 352 nm with 4 nm step and the asymmetry ratio for
every length changed gradually from 0 to 0.3, while the width was kept constant of 40 nm. The

nanoparticle was placed atop of SiO2 (glass) host resembling a real sample as is shown on Figure 15.

The plane wave source is chosen to be linearly polarized along the nanostructure axis to promote
particle absorption and scattering, demanded for effective polarization. The wavelength span over 500 —
1500 nm. Such a wide range is aimed for retrieving both fundamental and doubled frequency scattered
fields from a single simulation. Yet, Lumerical solver always injects broadband pulse (with regard to
requested wave range) rather than the plane waves. Nevertheless, the scattered field is normalized by
the Fourier transform of the signal s(t), therefore the fields are “amplitude variations free” and use of

single simulation for both fundamental and SH field is still valid.
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The glass and definitely the air do not absorb light in simulated wavelength range in contrast to gold.
This property was exploited to estimate the normal-to-surface scattered field, required for an overlap
integral calculation as formula (1.24) suggests. In further details, the spatial mask was built so that it is
equal to one in an area where the imaginary part of the refractive index changes from zero to nonzero
value and zero everywhere else, e.g. it is nonzero only on boundary between the gold and dielectric
materials. The recorded scattered field was multiplied by this mask, living solely the surface field. In total,
three masks for coordinates X,Y and Z were introduced to obtain the normal to surface fields. Finally, the
fields of excitation and second harmonic wavelength were multiplied and integrated in accordance to

(1.24).

Figure 15 — Nano-particle simulation environment. SRR
particle made of gold sits atop of the glass host. The
linearly polarized light field is injected from the top at
normal incidence and the polarization is parallel to
particle’s base. The image is from Lumerical™ simulation.

3.1.2  Miller rule prediction
First, Miller second harmonic prediction was evaluated. As was mentioned in section. 1.3.2 the linear
susceptibility is proportional to extinction cross section. The cross section was estimated by taking log of
transmission at resonance and SH wavelengths in consequence of Beer-Lambert law: A; X [0, Where
l'is a light path length, 0., is an extinction cross section and A; is the absorbance at given wavelength,

defined as:4; = —logT, where T is referred as transmittance.

On Figure 16 is plotted second harmonic signal averaged among structures with different lengths as

function of asymmetry ratio. It can be seen than the optimal as ratio is 0.16 + 0.07 while the Ref [5]
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implies 0.12 + 0.02. The distortion is anticipated, since the reference’s calculation was built upon
transmission experimental data rather than pure numerical simulation. Secondly, the particle geometry

in the presented simulation was straight in contrast to the rounded corners in the cited research.

Miller rule prediction
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Figure 16 — Second harmonic intensity as a function of asymmetry
ratio following by Miler rule prediction. The result was normalized.
As can be seen the optimal ratio is about ~0.16, slightly different
from the result obtained by [5], which is anticipated due to the
change in the simulated geometry and different numerical solver
used. The negative slope for the low asymmetry rate is due to the
numerical sensitivity to the geometry change.

To get intuitive idea behind Miller rule the transmission profile for three split ring resonators with
the same length but different asymmetry ratio is depicted on Figure 17. The resonant frequency together
with its half-wavelength companion is marked by star symbol. As the curvature of particle increases the
absorption cross-section becomes smaller so the transmission is higher, on the other hand, the higher AS
ratio promotes formation of second resonance mode. According to (1.24) the Miller’ susceptibility is built
out of the product of this two contributions, therefore some intermediate geometry yields the largest

nonlinear response.
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Figure 17 — Second harmonic intensity as a function of asymmetry ratio
following by Miler rule prediction for particles with low, mild and high
asymmetry as explained by graph legend. The result is normalized.

As can be seen from the Figure 17 the absorption frequency shows only slight shift with an
asymmetry change. The optimal SH resonance wavelength independence was confirmed experimentally
by Ref [5] and is consistent with our assessment (see Figure 18). Nonetheless, the geometry change does
have an effect, notably in short wavelength regime. Therefore, the slight change in resolving the fields or

transmission at resonant wavelength would be exacerbated at half wavelength. We assume that this
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Figure 18 — Resonance wavelength dependence on as ratio for 320 nm long
SRR nanostructure. The resonance wavelength is roughly the same for
equivalent length structures with the asymmetry ratio varying from 0 to 0.3.
The result is compliant to the findings from Ref. [5].
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vulnerability is responsible for negative slope in low AS ratio part of Figure 16, as well of deviation from
the bell curve. Refining the simulation parameters and decreasing the simulation mesh size had little
improvement. The geometry related numerical errors are more prominent in overlap integral calculation

and will be discussed further in this chapter.

3.1.3 Overlap integral calculation by Nonlinear Scattering model

The nonlinear scattering theory simulation result represented on Figure 19 is evaluated at
fundamental wavelength 1100 nm, e.g. below the resonance. The founded optimal ratio is 0.2 + 0.01,
e.g. shifted to higher AS ratio with respect to Miller’s rule result as anticipated. Examining other
wavelengths effect exhibit only slight distortion as far as the wavelength is not close enough to the
resonance and “second mode region”. Concerning SH calculation on resonance, some numerical
instabilities issue impaired the results. | found that the simulation environment was very sensitive to
geometry change. In numerical solver perspective the most numerically “vulnerable” part is a boundary
between two materials with different dielectric properties (in our case it is gold particle with air or glass)
and the surface overlap integration only exacerbated the situation, since all but metal surface fields were

ignored in the calculation. Decreasing the solver’s mesh size did not change the situation greatly.
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Figure 19 - Normalized second harmonic signal VS asymmetry ratio at 110 nm
excitation light wavelength. The signal is averaged over particles with length
ranging from 240 to 352 nm.

It is clear from the discussion in 3.1.2 that Miller’s rule is only suitable for on-resonance (or close to

it) prediction, while nonlinear scattering theory is capable of forecasting an optimal geometry for a wide
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range of light spectrum (certainly after solving the on-resonance instability issue). This fact reveals a
second advantage of nonlinear scattering theory comparing to Miler’s rule, besides more accurate results

in nanoscale regime.

To grasp an intuition behind the “bell” curve, on Figure 20 we plotted second harmonic signal
strength and phase angle for three particles with low, intermediate and high asymmetry. Looking over
column Figure 20(a) one can recognize that particle 1 has slightly better signal with less dark spots than
highly asymmetric particle 3, though the overall particle 3 signal is two times higher as it seen in Figure
20(c). Since a total SH signal is calculated by summing all complex valued dipoles over particle’s perimeter,
the directions between the points in complex plane play a central role in overall result. Examining the
phase angle plots in (b) one can notice the phase positive and negatives segments. These segments can
be divided into pairs, each pair consisting of two segments with similar length and opposite phase in order
to cancel one another. For example, SRR with 0.14 AS ratio has three pairs, one vertical and two horizontal
-"bright” and ”“pale”. There are no sections that left unpaired and hence, particle 1 total nonlinear signal
is somewhat low. On the other side, particle 3 legs inner sides are in-phase (both blue) so cannot be paired
and hence contribute to the total sum. Therefore the highest signal originates from intermediate
geometry 2, which is compromise between field strength and in-phase sections (I suppose that for
geometries with round corners the trade-off between amplitude and phase will be more emphasized due

to strong signal amplification on corners, which is obviously unphysical).
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AS=0.01
4

AS=0.19

AS=0.3

Figure 20 - a), b) The absolute SH field with complementary phase angles of
nonlinear dipoles distribution on SRR perimeter for three different structures
with light, mild and strong asymmetry. The all three structures are 280 nm length
and the calculation is based upon one slice at excitation field of 1100nm. Actual
field scale is logarithmic to improve structure-to-background contrast for better

visibility.

c) SH signal over AS ratio profile for selected structures length.

This result is in line with the findings shown in Ref. [5] cited in 1.3.4, that a second harmonic signal is

compromise between absorption at fundamental and second harmonic and the sources ability to combine

constructively.
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3.1.4 SHG prediction in various geometries and general conclusion
To test further the complex phase and amplitude interplay in overall SHG, the nonlinear scattering

theory was applied to the particles with other geometries that are still close to SRR.

The S-type structure was made out of SRR by rotating the right leg 180° with respect to particle base
(See pictogram on Figure 21). The simulation result of second harmonic response over different

asymmetry ratios is plotted on Figure 21, with the optimal AS ratio is 0.186, close to the SRRs result (0.2).

1M — T T T T
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Figure 21 - Second harmonic signal plotted as function of asymmetry ratio
for S-type particles, which are identical to SRRs except the right leg is
flipped over the particle longitudinal axis. The structures geometry
transformation is schematically illustrated on the lower part of the figure
close to X-axis. The optimal geometry has asymmetry ratio of 0.186 with
the total length fixed at 280 nm and the fundamental wavelength was set
to 1100 nm as for SRR.

We proceed in the same manner as in par. 3.1.3, namely plot the second harmonic amplitude and phase

distribution along the structure for 3 particles with low, mild and high asymmetry on the Figure 22.
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It can be seen from the right side of the Figure 22 that the most asymmetric structure has the most
in-phase local nonlinear dipoles. However its amplitude is lower than the mild asymmetry structure as it
looks slightly dimmer than the nanoparticle with AS ratio 0.19. The most symmetric structure has the most
segments out of phase that cancel one another and its signal is also lower. Thus, the finest signal is
resulted from mild asymmetry particle having both good local dipoles signal strength and overall vector

sum.

AS=0.014

AS=0.1

AS=0.3

|

Figure 22 — Distribution of SHG signal amplitude in the left column and complex phase in the right column,
along the perimeter for 3 S-types structures with low (AS=0.014), mild (AS=0.19) and high (AS=0.3) asymmetry.
Each point on the structure represents the local dipole contribution to SHG calculated according to NLS theory.
The total nonlinear signal depends on both the amplitude of the nonlinear dipoles and their ability to
constructively summing up, i.e. being in phase.
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Another simulated geometry is L-type structures, the particle consisting of one leg that is twice longer
with respect to SRR or S-type to avoid SHG volume dependence. The signal-AS ratio dependence is
depicted on Figure 23. The maximum second harmonic signal is generated by the structure with
asymmetry ratio of 0.11, this noticeable “bell” curve shift to the low asymmetry region for L-type
geometries can be explained by further symmetry braking with respect to the lateral axis. And again, to
grasp intuition behind the curve, we proceed by plotting the amplitude and the complex phase

distribution along the 3 different AS ratio structures on Figure 24.
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Figure 23 — NLS prediction of second harmonic signal as function of asymmetry
ratio for L-type particles. The particles changing geometry schematically plotted
along X-axis. As for S-type the total length was held constant at 280 nm and the
excitation wavelength is 1100 nm. The maximum SHG is produced by
nanoparticle with AS ratio equal to 0.11.

Starting with the complex phase pattern we see at most destructive interference occurs in the lowest
asymmetry ratio particle. Regarding the mild and high asymmetry, the variation between them is not so
prominent, most of their nonlinear dipoles are in phase for both of the structures. Despite the big
difference in the phase profile, the overall signal between the least and the most asymmetric structures
are of the same order. This is due to the lower dipoles amplitudes along the structure with AS ratio 0.3,
as it appears generally dimmer than the other two structures. The “black spot” in the most symmetric

particle contains out of phase segments, so the final result is not affected that much. As anticipated, the
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highest nonlinear response is generated by mid asymmetry particle with both fair dipoles amplitude and

their ability to sum constructively on complex plane.

A5=0.014

AS=0.1

A5=0.3

Figure 24 - Distribution of SHG signal amplitude to the right and complex phase to the left, along the perimeter for
3 L-type nanoparticles with low (AS=0.014), mild (AS=0.1) and high (AS=0.3) asymmetry. Each point on the structure
represents the local dipole contribution to SHG calculated with respect to NLS theory. All structures, e.g. SRRs, S-
type and L-type are plotted with the same color scale limits.

While we have showed that the particles geometry has a strong effect on complex phase and
amplitude distribution, there is a question that still needs to be answered: “Do they contribute equally or
one of the contributions is more significant than other in total second harmonic signal”? To tackle this
guestion we sum just the amplitudes of local dipoles, e.g. eliminating the phase and compare the result

to complex sum prescribed by NLS theory (See Figure 25).
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Figure 25 — Second harmonic signal as function of asymmetry ratio calculated first by NLS theory, e.g. by summing the
dipoles in complex plane (blue) and the calculation based on the scalar sum of dipoles amplitude (purple) for SRR, S-type
and L-type structures. The pictogram of each particle is placed on the appropriate graph below the optimal asymmetry
ratio. Excluding the complex phase from the SHG calculation has a very minor effect on best AS ratio location, rather on
the signal amplification.

Surprisingly, turning to the scalar summation had a little effect on the peak position for all structure
types. The peak shift to lower AS ratio, compared to NLS theory prescribed vector sum of complex values
along the nanoparticle, would indicate on lack of destructive interference due to phase “switch off” (See
the AS=0.014 particles on Figure 20, Figure 22 and Figure 24 and the related discussion). However,
excluding the phase from the calculation didn’t improve SHG for particles with mostly out of phase pairs
that cancel each other, but led to the signal amplification in all simulated geometries with variance in both
asymmetry and the structure types. We suppose that this kind of behavior can occur when there is strong
signal amplification on the structures corners, so just the few points on the particle’s surface are the major
contributors to nonlinear signal, and the phase between these few high signal points is responsible for
the lower signal in complex compare to the absolute values summation. Regarding a cancelation effect of
summing complex vectors over the whole particle’s surface, while existing it is actually overwhelmed by

these few “strong players”.

In future work, this assumption can be examined by simulating the structures with rounded geometry
in order to eliminate the field amplification on sharp edges. Besides these edges are unphysical, the
rounded geometry will also help to investigate if the numerical instabilities discussed in par. 3.1.3 are

indeed geometry related.
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3.1.5 Supplementary tests

Since the peak position is not changing either we sum complex or scalar values, several other tests

could be done to further explore nonlinear optical properties of nanoparticles. First we can ask which out

of the 3 types SRR, S-type or L-type gives best second harmonic response. The result is presented on Figure

26. Clearly, the S-type is an optimal choice with SRR signal is only slightly lower for all asymmetry ratios.

— NLS theory calculation

SRR
S-type
L-type

0 0.05 0.1 0.15 0.2 0.25 0.3
AS ratio

Figure 26 — Comparison of SHG produced by SRR, S-type and L-type as function
of asymmetry ratio plotted on the same Y axis scale plot. All the simulated
structures have total length of 280 nm and the calculation was performed for
pump wavelength equal to 1100 nm.

Recalling that for SRRs Miler’s prediction returned lower optimal AS ratio than the nonlinear

scattering theory (see par. 3.1.3), the same comparison can be performed for the other 2 particle types.

It is clearly seen from the results presented on Figure 27 that Miller’s rule disagreement with NLS theory

is not exclusive to SRR geometry.
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Figure 27 - Miller’s rule estimation compared to the nonlinear scattering theory SHG calculation

for S-type structures in upper and L-type structures in lower figure’s part. Similar to split ring
resonators the Miller’s rule prediction is not matched to NLS theory. For both structure types
the length is set at 280 nm and the fundamental wavelength in NLS calculation is 1100 nm.

Next we can examine particle width influence on second harmonic response. While the all previous
simulations were executed with constant width of 40 nm (See par 3.1.1), in this test the particle’s length
and AS ratio are kept constant at 280 nm and 0.2 respectively and the particle’s width is gradually
increased from 34 to 48 nm with step of 4 nm. The lower width limit was set to ensure that the resonance
is within the selected wavelength range and the upper width is limited by particle’s legs overlap. To
minimize the SHG frequency dependent changes, the calculation was done for fundamental wavelength
that is further shifted from the resonance, e.g. is in the upper limit of the simulated pump wavelength
that is equal to 1000 nm. Since particles cross section in transverse plane is a square, the width parameter
also determines the height of the structure. Hence to distinguish between different dimensions
contribution, the SHG overlap integral was calculated separately over single slice and over the whole
surface of the nanoparticle. The results is presented on Figure 28 (a). The linear and parabolic graph
shapes suggests the simple perimeter or area scaling. However these contours are not exact line or
parabola due to the width dependent resonance shift that introduces frequency related variations in

second harmonic response (See Figure 28 (b)).
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Figure 28 - a) SHG dependence on particle width calculated in two ways: once over a single slice in a plane normal to Z-axis
(blue) and once over the whole particle surface (red). The linear and parabolic graphs shape point on their respective perimeter
and area scaling. The schematic increase in the width is illustrated on the right side of the figure b) Transmission profile for
different particle’s width. The pump wavelength was set to 1000 nm to minimize frequency related changes in nonlinear
response.

Furthermore it is worth to test SHG dependence on polarization angle. Recall that the previous
simulations were performed with linearly polarized plane wave parallel to the nanostructure base.
Introducing the field rotation in XY pane leads to the drop in nonlinear response as it can be seen on Figure
29. The reason for that is the fundamental mode sharp fall with the increase of polarization angle, also
note the simultaneous rise of secondary mode. This mode is associated with the field component that is

parallel to the nanoparticle’s legs.
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Figure 29 — a) Second harmonic signal as function of polarization angle, where 0° refers to the pump field parallel to the base
of nanoparticle. The illustration of the field direction with respect to the structure is illustrated at the left lower corner of the
figure and the image is taken from Lumerical™ simulation environment b) Optical power transmission profile for a different
polarization angles. First fundamental mode falls gradually with the angle increasing, although, grows the secondary mode
related to the legs parallel EM field component.
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To summarize the discussion above, in nanoparticles design for nonlinear optical respond beyond

the asymmetry ratio, there are various parameters to be taken into account.

3.2 Experimental results

3.2.1 Sample characterization
In order to investigate SHG strength from nanostructures surface, the sample constituting of
different geometries was fabricated. Prior to fabrication, the numerical simulation was run in order to
define optimal geometry for maximum absorption within 1000-1200 nm wavelength range. According to
(1.19) the highest SH signal is achieved through the maximum material polarization (absorption
resonance), which is linked to the structure’s length. Thus, the preferable illuminating wavelength should

match the nanostructure geometry and vice versa.

Uri Arieli and Omri Meron prepared the fabrication using Electron Beam Lithography technique. The
sample constitutes of blocks of nanostructures with the same geometry. Refer to Figure 30 for schematic
array illustration. The nanostructures, made of gold with a thickness of 40 nm, are rest on SiO substrate.
The thin layer ~20 A of indium tin oxide (ITO) is applied to enhance gold to silica adhesion. For each blocks
row in X direction the legs length remains constant, while the base gradually increases moving from left
to right from 120 to 200 nm. Similarly, when sliding in Y direction, the blocks base length is kept unchanged

whereas legs length are growing from 0 to 60 nm. The particles are spaced 500 nm apart and the adjacent

a) RN b)
1 |
120 0 140 0 150 0 200 0
)
/A
120 10 140/40 150 10 eia:e 200_10
/
120 80 140 60 150 60 200 80

Figure 30 —a) Scheme of nanostructures array. Each block is built of metamaterials with
identical geometry. Structures asymmetry varies gradually in Y direction, and the base
length is changing in X direction b) The SEM image of two types of particle: SRRs in the
upper and bars in the lower image respectively (the sample fabricated by Uri Arieli and
Omri Meron).
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rows are separated 800 nm to avoid coupling between the nanoparticle, giving the investigated AS ratio

spanned from 0 to 0.29.

Prior to SNOM scanning, the sample’s absorption spectrum was examined (See Figure 31) . In addition
to finding absorption resonance, the second harmonic response in far-field of different structures was
validated with regard to Ref. [5]. Both of these tests were executed with the help of custom built

microscope by Uri Arieli for his research.

T (normalised

700 750 800 850 900 950 1000 1050 1100 1150 1200
A, nm

Figure 31 - SRR has absorption resonance at ~1070 nm. To
enhance SHG process, the nanostructures were chosen to
have a resonance close to the fundamental wave of 1080 nm.

In absorption spectrum test, the sample was illuminated by broadband (400 — 1300 nm) OSL2 fiber
illuminator light source from Thorlabs™ and the spectrum was resolved with the help of Yokogawa™
AQ6370D spectrum analyzer with wavelength range of 600 to 1700nm and wavelength resolution 0.02nm.
The obtained transmission spectrum was normalized to the spectrum of plain SIO substrate. The example
of transmission with absorption peak around 1025 nm can be seen on the figure below. The spikes in low

frequencies are a consequences of optical fiber lack of uniformity for visible spectrum wavelength range.

3.2.2 Experimental setup
The experimental setup is shown on Figure 32. The sample was illuminated with 100 fs, 80 MHz
repetition rate pulse beam, linearly polarized in normal direction, manufactured by Spectra-Physics Mai-
Tai™ laser. The short pulse together with high repetition rate delivers a large amount of energy to the
sample, maximizing second harmonic generation as (1.23) suggests, whereas the time between pulses
ensures heat dissipation, preventing the sample destruction. The peak intensity was centered near 1086

nm in agreement with SRR’s absorption resonance in Near-IR range. Passing thorough SNOM microscope
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(neaSNOM from Neaspec™), the light is focused by parabolic mirror on tip, stimulating the tip-sample
contact. The same parabolic mirror collects scattered field from the tip and reflects it back to the beam
splitter which redirect it to photomultiplier detector. Since the peak is centered at ~1080 nm, we expect
the second harmonic signal to be in green part of wavelength spectrum. To avoid green light leakage to
detector from the source and the lab environment, at first prior to target illuminating, the input light beam
is filtered by longpass filter, expelling short wavelength waves. Second, the collected light is passed

through narrow band-pass filter, retaining only 543 nm wave.

InGas

Detector PMT

Detector

Bandpass
Filter 0

Flip
Mirror

Light

Longpass
Filter

Beam
Splitter

Source

Parabolic

Mirror
NSOM

Microscope

Cantilever

//

Tip

har,
W

Figure 32 — Nearfield SHG experimental setup. The 1080 nm laser pulse beam is filtered and focused
through the parabolic mirror on the SNOM tip. The generated SH signal is collected with the same
parabolic mirror, reflected back to the beam splitter and after filtering through the narrow band ~543
nm filter is detected by the high sensitive PMT detector. Additional flip mirror takes unfiltered signal
to near IR detector in order to facilitate the tuning the optical system to collect the most of the
reflection from SNOM.

It is straightforward that the second harmonic intensity is very sensitive to tip-sample interaction
strength. Inaccuracy in beam focusing, beam collimation, damaged AFM tip, SNOM parabolic mirror
position and other settings easily impede nearfield coupling. Therefore, ahead of measurement, the
nearfield signal is diverted by flip mirror and tuned with the help of near-IR detector. The nearfield
microscope built in Data Acquisition unit DAQ and image processing software extract signal’s high

harmonics and a maximization is achieved by adjusting parabolic mirror focusing/collecting angle.
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Considering the nanoscale of the target, the SH signal from the single nanostructure is supposed to
be very weak. Addressing this challenge, we selected photomultiplier detector (PMT) which is capable to
detect single photon. In our experiment H7422-40 photo sensor module from Hamamatsu™ was used.
Besides the sensitivity to single photons, PMT detectors are not effective in wavelengths higher than 900
nm, hence it also behaves as a short pass filter, enhancing signal filtering. InGaAs detector from

Newport™, suitable for near IR range was used for SNOM imaging.

3.23 Results
AFM together with nearfield images are depicted on Figure 33. It can be seen the light field ignited
dipole mode in nanostructure. Obviously, the background noise is fading with turning to higher harmonics
as it was suggested in Section 2.2.3. However, the price is that the nearfield signal is getting weaker,

making a shot noise feasible. In the illustration below fifth harmonic signal picture is rather grainy

AFM

2
harmonic

rd
3

harmonic

4th
harmonic

5("\
harmonic

Figure 33 - AFM and demodulated to higher harmonics
nearfield images of SRR with 140nm base and 80 nm legs
Note the removed background pattern in 4th and 5th
harmonics.
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compared to the fourth harmonic. Typically, third or fourth harmonic order offer good compromise

between background suppression and a signal strength.

To complete the picture of SNOM microscopy introduction, an artifact image is presented on Figure
34. On the figure (a) one can see AFM shadowed SRR. We assume that some tip fracture can behave as
“parasitic” apex, and interacts with the sample. The resulted image from this interaction resembles SRR
shadow. Clearly, this second apex also scatters a nearfield signal, so the “shadow” artifact appears on

both AFM and SNOM images (Figure 34 (b)).

a)

Figure 34 - Artifact in a) AFM and b) SNOM images.

Regarding the goal of the project that deal with measurement of second harmonic nearfield signal

from nanostructure, it has not yet been achieved. There are two separate issues that hindered the results:

1. The SNOM microscope is equipped with built in data processing unit containing lock-in amplifier.
Lock-in amplifier is capable to extract very low signals buried by detector and background noise
level. This achieved by implying so called homodyne detection. First, the signal is demodulated by
specific reference signal and by /2 shifted reference signal. Then, both of demodulated signals
are recombined and averaged over time. Since detector noise is uniform, the power is spread
along broad spectrum and the noise amplitude level at reference frequency is low. Thus,
integration over time is essentially wipes out all the signal frequencies differing from the

reference frequency and the noise level is reduced drastically.
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Depending on light level, the signal output from the photomultiplier tube can vary from
continuous to discrete (see Figure 35). Recalling that second harmonic generation from the single
nanostructure about 150 nm long is extremely low, the PMT tube outputs sequence of charge
pulses. This nonperiodic comb of pulses introduced into lock-in amplifier are zeroed throughout
time integration, because the signal at reference frequency is very low if not zero identical. As a

result we did not recorded any signal at second harmonic frequency.
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Figure 35 - Output signal from photomultiplier tube for high
input light level in upper part and low input level in lower part of
the image. For low level the output of PMT becomes a discrete
sequence of pulses. Image from Hamamatsu™

To overcome signal loss described above, we ordered amplifier and discriminator unit, converting
the photoelectron pulses output into 5V digital signals which are detectable by oscilloscope,
bypassing the SNOM system built in reconstruction unit, that is to say the digital output is not
feed into the Lock-in amplifier and therefore is not filtered out as it was described above. To our
regret, internal failure of one piezo motors (not our fault) left no other option but to send the
microscope for repair at manufacturer’s site in Germany. The overall shipping in both ways and
repair caused months of stalling and have not leaved the time to finish the project. Nevertheless,

we think that the new detection approach will help the future researches to achieve the goal.
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4. Summary

In current research we examined an application of nonlinear scattering theory to predict second
harmonic response in metamaterials. The analysis was performed both numerically and experimentally.
In numerical studies, we’ve found that the nonlinear scattering approach yields results compliant with
previous experiments and simulations of parallel group. The nonlinear signal “bell curve” behavior was
confirmed numerically and the optimal AS ratio was found to be ~0.2 for the straight corners SRR
nanostructures, while Miller’s rule based on Lorentz model gave an estimation of ~0.15. Furthermore, the
strong dependence of nonlinear dipoles amplitudes and phases distribution along nanoparticle on
asymmetry is with agreement to the previous work. Nevertheless, the percentage of amplitude and phase
in total SHG is yet to be verified because of overlap integration might be screened by signal amplification

around particle sharp corners.

In addition, the simulation of somewhat modified SRR nanoparticles together with the simulations
of particles width and polarization angle effect on SHG provide additional degrees of freedom and give an
insight into calculation of an optimal second harmonic response in defined light spectrum. Therefore, we
believe that a future design of metamaterials trimmed to specific application such as frequency

conversion and Raman sensing can benefit from this technique.

The use of Lumerical FDE solver also exposed several limitations in the computation of a nonlinear
overlap integral. Specifically, the instability (particularly for shorter waves spectrum) at computation on
the boundaries between a conducting and a dielectric materials. This “weak point” is accountable for
excessive sensitivity to the small geometry changes, as in the case of the simulations over the
nanostructures with a gradually increasing asymmetry ratio. To address the solver’s computational
limitations and strengthen the method validity we propose to repeat the calculations with the help of
another commercially available FDE solver. In addition, we think that the simulation over the structures
with rounded corners will emphasize the local dipoles vector sum cancelation by averting strong field
amplification on the structure’s corners. Last but not least, owing to its universality, the nonlinear
scattering theory is not confined to solely SHG and can be utilized for higher harmonics signal prediction

as well.

Regarding the experimental efforts, the near field second harmonic signal has remained elusive.
Nevertheless, while working with SNOM microscope we earned a valuable experience in low signal

detection, AFM and SNOM microscope routine both for visible and near IR part of the spectrum, an
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integration of SNOM microscope with auxiliary optical components, a homodyne detection and its
practical limitations for a digital signal output. All that said, will contribute to further experimental
investigations. Once achieved, it will also allow to explore the nonlinearities of other nanostructures’

geometries and higher order optical nonlinearities.
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5. List of Figures

Figure 1 — Each of N atom in the material develops a double frequency oscillating dipole as a result
of the nonlinear response to the applied field. If these dipoles oscillate in phase the radiated fields will be

added constructively and the resulted SHG signal would be N times larger than a signal from a single atom.

Figure 2 — a) SHG energy diagram: two photons are destroyed and one double energy photon is
simultaneously created in lossless process. The dotted lines are not atom eigenstates but simply point on
energy conservation b) Momentum mismatch diagram in 3 wave mixing process. On macroscopic scale
even small momentum mismatch can dramatically reduce SHG effectiveness. ...........cccccc, 9

Figure 3 — Symmetric parabolic potential as function of electron displacement from equilibrium
position and an actual noncentrosymmetric media potential containing small cubic term. Note that close
to the equilibrium the deviation of actual potential from the parabola is small and can be treated as
perturbation. The image is taken from Ref. [1]. ..o 11

Figure 4 - a) Material parameter space characterized by electric permittivity € and magnetic
permeability . In optical wavelength most materials lie within thin line u = 1 b) Refraction at the
interface between a positive and negative index material. The k and S vector are in abnormal opposite
direction in the medium with negative refraction indeX.............ccccc 13

Figure 5 — Schematic of the examined SRRs array with varying asymmetry ratio and total length. The
AS ratio is defined as leg length divided by the total nanostructure length and it is steadily increasing from
left to right, e.g. in X axis direction, while total length is increasing in Y direction. ................................. 14

Figure 6- Experimental measurements of the SH emission for different asymmetry ratio geometries
together with Miler’s rule prediction calculated from transmission profile and nonlinear scattering theory
numerical simulation. Miller’s rule yields different result than the experiment, whereas NLS theory
correctly matches the optimal geometry. The error bars indicate the standard deviation of the measured
intensity. The image is taken from Ref. [5]....ccooiiiiiiiii i 15

Figure 7—The problem of finding the field radiated by ensemble of nonlinear dipoles on the structure
surface is reduced to calculating overlap between the dipoles ensemble and the field radiated by test

dipole placed on the deteCtor. ... 16
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Figure 8 - SHG intensity as function of AS ratio for normal and tangential surface components of the
local susceptibility tensor. The normal contribution is dominant, thus the two other donations can be
neglected in the surface overlap integration.......ccccceeeeieii 17

Figure 9 - P - E plotted on complex plane along the path around the nanostructure for various
dimension of the nonlinear structures. As can be seen, for straight nanobar, local sources cancel each
other. Alternatively, while the most asymmetric green structure has a best sources interference, the
overall signal is not the highest, due to the lower sources amplitude. The optimal signal is generated by
intermediate asymmetry yellow structure, compromising amplitude and dipole phases. Image is taken
Lige) 0 g I N<] 0 1 U URURRRPRPUPTR: 19

Figure 10 — Rayleigh resolution criterion states that the minimum separation of two resolvable point
sources is when the first diffraction minimum of the Airy disk of one image coincides with the maximum
Of the SeCONd POINL. oo 20

Figure 11 - Work scheme of AFM microscope operational mode. Image taken from Univ. of Santa
T8 oF- [ PP P PP PPPPP TP 21

Figure 12 - a) A sharp AFM tip iluminated by focused laser beam scatters interaction field b)

Numerical simulation of a metal cone, illuminated by farfield light with A=118um (taken from Ref. [14]).

Figure 13 — a) Propagation of the light wavefront U(x,y,z) a distance d between two planes fand g in
free space b) This propagation can be expressed by transfer function h with associated Fourier transform
H. Image is taken from Ref. [13]....ccciiiiii 23

Figure 14 - SNOM dipole model. The incident field Ein induces dipole p on metallic AFM tip that is
modeled by a sphere of radius R placed in a distance H from the sample with dielectric function €s. The
nearfield tip-sample interaction is described by mirror dipole p’ on the sample. Image from Ref. [8]..... 25

Figure 15 — Nano-particle simulation environment. SRR particle made of gold sits atop of the glass
host. The linearly polarized light field is injected from the top at normal incidence and the polarization is
parallel to particle’s base. The image is from Lumerical™ simulation. ....................... . 29

Figure 16 — Second harmonic intensity as a function of asymmetry ratio following by Miler rule
prediction. The result was normalized. As can be seen the optimal ratio is about ~0.16, slightly different
from the result obtained by [5], which is anticipated due to the change in the simulated geometry and
different numerical solver used. The negative slope for the low asymmetry rate is due to the numerical

sensitivity to the geometry Change. ... 30
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Figure 17 — Second harmonic intensity as a function of asymmetry ratio following by Miler rule
prediction for particles with low, mild and high asymmetry as explained by graph legend. The result is
(01e] g0 a1 1 2=Te PP PPTPT P PPPP 31

Figure 18 — Resonance wavelength dependence on as ratio for 320 nm long SRR nanostructure. The
resonance wavelength is roughly the same for equivalent length structures with the asymmetry ratio
varying from 0 to 0.3. The result is compliant to the findings from Ref. [5]. ...ccooiiiiiiiiiiieiiiiieiiciiee e, 31

Figure 19 - Normalized second harmonic signal VS asymmetry ratio at 110 nm excitation light
wavelength. The signal is averaged over particles with length ranging from 240 to 352 nm. ................ 32

Figure 20 - a), b) The absolute SH field with complementary phase angles of nonlinear dipoles
distribution on SRR perimeter for three different structures with light, mild and strong asymmetry. The all
three structures are 280 nm length and the calculation is based upon one slice at excitation field of

1100nm. Actual field scale is logarithmic to improve structure-to-background contrast for better visibility.

Figure 21 - Second harmonic signal plotted as function of asymmetry ratio for S-type particles, which
are identical to SRRs except the right leg is flipped over the particle longitudinal axis. The structures
geometry transformation is schematically illustrated on the lower part of the figure close to X-axis. The
optimal geometry has asymmetry ratio of 0.186 with the total length fixed at 280 nm and the fundamental
wavelength was set t0 1100 NM @S fOr SRR. ......iiiiiiiiiiiiiiiiiieeeeeeeeeeeeeeeeeeeeeeeeeeerrreererereraeresrrrrerererrererrararre 35

Figure 22 — Distribution of SHG signal amplitude in the left column and complex phase in the right
column, along the perimeter for 3 S-types structures with low (AS=0.014), mild (AS=0.19) and high
(AS=0.3) asymmetry. Each point on the structure represents the local dipole contribution to SHG
calculated according to NLS theory. The total nonlinear signal depends on both the amplitude of the
nonlinear dipoles and their ability to constructively summing up, i.e. beingin phase............................ 36

Figure 23 — NLS prediction of second harmonic signal as function of asymmetry ratio for L-type
particles. The particles changing geometry schematically plotted along X-axis. As for S-type the total length
was held constant at 280 nm and the excitation wavelength is 1100 nm. The maximum SHG is produced
by nanoparticle with ASratio equal to 0.11. ......cooeiiiiiiiiii 37

Figure 24 - Distribution of SHG signal amplitude to the right and complex phase to the left, along the
perimeter for 3 L-type nanoparticles with low (AS=0.014), mild (AS=0.1) and high (AS=0.3) asymmetry.
Each point on the structure represents the local dipole contribution to SHG calculated with respect to NLS

theory. All structures, e.g. SRRs, S-type and L-type are plotted with the same color scale limits............. 38
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Figure 25 — Second harmonic signal as function of asymmetry ratio calculated first by NLS theory, e.g.
by summing the dipoles in complex plane (blue) and the calculation based on the scalar sum of dipoles
amplitude (purple) for SRR, S-type and L-type structures. The pictogram of each particle is placed on the
appropriate graph below the optimal asymmetry ratio. Excluding the complex phase from the SHG
calculation has a very minor effect on best AS ratio location, rather on the signal amplification. ........... 39

Figure 26 — Comparison of SHG produced by SRR, S-type and L-type as function of asymmetry ratio
plotted on the same Y axis scale plot. All the simulated structures have total length of 280 nm and the
calculation was performed for pump wavelength equal to 1100 NnM. ..., 40

Figure 27 - Miller’s rule estimation compared to the nonlinear scattering theory SHG calculation for
S-type structures in upper and L-type structures in lower figure’s part. Similar to split ring resonators the
Miller’s rule prediction is not matched to NLS theory. For both structure types the length is set at 280 nm
and the fundamental wavelength in NLS calculation is 1100 nMm. ..., 41

Figure 28 - a) SHG dependence on particle width calculated in two ways: once over a single slice in a
plane normal to Z-axis (blue) and once over the whole particle surface (red). The linear and parabolic
graphs shape point on their respective perimeter and area scaling. The schematic increase in the width is
illustrated on the right side of the figure b) Transmission profile for different particle’s width. The pump
wavelength was set to 1000 nm to minimize frequency related changes in nonlinear response............. 42

Figure 29 — a) Second harmonic signal as function of polarization angle, where 0° refers to the pump
field parallel to the base of nanoparticle. The illustration of the field direction with respect to the structure
is illustrated at the left lower corner of the figure and the image is taken from Lumerical™ simulation
environment b) Optical power transmission profile for a different polarization angles. First fundamental
mode falls gradually with the angle increasing, although, grows the secondary mode related to the legs
parallel EM field COMPONENT......cccoeeeeeeeeeeeeeeeeeeeeeee e, 42

Figure 30 —a) Scheme of nanostructures array. Each block is built of metamaterials with identical
geometry. Structures asymmetry varies gradually in Y direction, and the base length is changing in X
direction b) The SEM image of two types of particle: SRRs in the upper and bars in the lower image
respectively (the sample fabricated by Uri Arieli and Omri Meron).........ccccooeiiiii 43

Figure 31 - SRR has absorption resonance at 1070 nm. To enhance SHG process, the nanostructures
were chosen to have a resonance close to the fundamental wave of 1080 NM. ........ccceeiiiiiieiiiniieneene 44

Figure 32 — Nearfield SHG experimental setup. The 1080 nm laser pulse beam is filtered and focused
through the parabolic mirror on the SNOM tip. The generated SH signal is collected with the same

parabolic mirror, reflected back to the beam splitter and after filtering through the narrow band =543 nm
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filter is detected by the high sensitive PMT detector. Additional flip mirror takes unfiltered signal to near

IR detector in order to facilitate the tuning the optical system to collect the most of the reflection from

Figure 33 - AFM and demodulated to higher harmonics nearfield images of SRR with 140nm base and
80 nm legs Note the removed background pattern in 4™ and 5™ harmonics. ........cccecvvveeeeeeeseeeieeeenene 46
Figure 34 - Artifact in @) AFM and b) SNOM imMages. .......ooccuviiiiiieeeeiecciiieeee e e e ecirree e e e e e e 47
Figure 35 - Output signal from photomultiplier tube for high input light level in upper part and low
input level in lower part of the image. For low level the output of PMT becomes a discrete sequence of

pulses. Image from HamamatSu™.......cooooeiieiii e 48
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